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The occurrence of a second-order quantum
phase transition in the Dicke model is a well-
established feature. On the contrary, a com-
prehensive understanding of the correspond-
ing open system, particularly in the proximity
of the critical point, remains elusive. When
approaching the critical point, the system in-
evitably enters first the system-bath ultra-
strong coupling regime and finally the deep-
strong coupling regime, causing the failure
of usual approximations adopted to describe
open quantum systems. In the thermodynamic
limit, we study the interaction between the
Dicke model and bosonic bath fields without
resorting to additional approximations, which
usually relies on the weakness of the system-
bath coupling. We find that the critical point is
not affected by interactions with environments
displaying metastable minima. Moreover, such
interactions cannot affect the system ground-
state condensates in the superradiant phase,
whereas the bath fields are infected by the sys-
tem and acquire macroscopic occupations. The
obtained reflection spectra display lineshapes
which become increasingly asymmetric, both
in the normal and superradiant phases, when
approaching the critical point.

1 Introduction
The Dicke model was one of the first models histor-
ically introduced in the study of the light-matter in-
teraction [1–3]. It was originally proposed to describe
the interaction of a single cavity mode with a col-
lection of N atomic dipoles, treated as two-level sys-
tems (TLSs). This model exhibits a classical second-
order equilibrium phase transition when the coupling
strength exceeds a critical value, entering a phase in
which the collective atomic polarization and the pho-
tonic field are finite even in the absence of external
driving. This widely studied phenomenon [4, 5] is
known as superradiant phase transition (SPT). The
Dicke model Hamiltonian also exhibits a quantum
phase transition (QPT) [6], which can occur at zero
temperature [7–9] by tuning the light-matter coupling
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across a quantum critical point, which is also referred
to as ground-state photon condensation [10, 11]. How-
ever, according to a number of no-go theorems, the
SPT (and also the corresponding QPT [7, 12, 13])
is forbidden for systems interacting with photons by
only their electric polarization [7, 10, 12, 14]. In the
Coulomb gauge, it is the diamagnetic term in the
Hamiltonian, neglected in the Dicke model, which pre-
vents the SPT [12, 15].

This equilibrium SPT has been attracting enduring
attention since several decades, but its experimental
demonstration still remains very challenging. Numer-
ous non-equilibrium realizations of SPTs have been
proposed over the years [16]. Implementations of ef-
fective Dicke Hamiltonians in driven-dissipative sys-
tems have been reported, e.g., in cold-atom systems
driven by laser fields [17–22] and trapped ions [23].
However, despite strong analogies with the equilib-
rium SPT, non-equilibrium SPTs in driven-dissipative
systems are inherently different phenomena [4, 24–27].

Theoretical proposals for the observation of equi-
librium SPTs consider circuit QED systems [7, 28–
33], electron gases that either display a Rashba spin-
orbit coupling [34] or interact with a spatially vary-
ing electromagnetic field [34–36], magnetic molecules
that couple to superconducting microwave resonators
via the Zeeman interaction [11, 37, 38]. Interesting
related applications involve quantum computing in
models predicting a QPT [39–41]. A recent proposal
[42] considering Er3+ spins cooperatively interacting
with a magnonic field, playing the role of photons,
has led to a spectroscopic evidence for an equilibrium
SPT [43].

The SPT has been exhaustively studied theoreti-
cally in the isolated system, both at zero and nonzero
temperature [2, 8, 9]. It has been shown that the
system’s ground state displays a two-mode quan-
tum squeezed vacuum, reaching perfect squeezing at
the SPT critical point [44]. Moreover, the ground-
state entanglement between the atoms and the field
diverges logarithmically at the critical coupling for
N → ∞ [45]. On the other hand, no clear understand-
ing of the open-system counterpart has been reached
yet in the proximity of the QPT critical point, espe-
cially when considering equilibrium situations. Given
the recent progress [43], which reported the first (to
our knowledge) long-sought experimental observation
of an equilibrium SPT at low temperatures, a fully
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rigorous quantum treatment of the open Dicke model
is required. Moreover, an accurate description of de-
coherence and of the relationship between the sys-
tem and the input-output fields near critical points is
essential for the development of criticality-enhanced
quantum sensing [46–48].

A key feature of the equilibrium SPT in the thermo-
dynamic limit is the softening of the lowest polariton
mode, which vanishes at the critical point, signaling
that the transition to a photon condensate state is a
second-order quantum phase transition. This makes
the standard treatments impossible, given that the
usual approximations employed when studying open
quantum systems fail, as they are based on the small-
ness of the ratio between the loss rate and the rele-
vant resonance frequencies of the system γ/ω. Indeed,
sufficiently close to the critical point, the system in-
evitably enters first the system-bath ultrastrong cou-
pling regime (γ/ω > 0.1) and finally the deep-strong
coupling regime (γ/ω > 1). In the last decade, light-
matter systems in the ultrastrong and deep-strong
coupling regimes have been widely studied both the-
oretically and experimentally [49, 50]. It has been
shown that these regimes require a particular care
in the description of both decoherence and input-
output fields [51–54], since standard approximations
based on the rotating-wave-approximation fail. How-
ever these open quantum systems are usually studied
under the assumption of weak system-bath interac-
tions. Very recently, a general linear response the-
ory for materials collectively coupled to a cavity, in-
cluding symmetry-broken phases, has been presented
[55]. Within this approach, however, the system-bath
interaction is not taken into account in the Hamil-
tonian description, and the spectroscopic response of
the cavity is calculated by analytic continuation from
the system Green’s function.

Several questions remain open: (i) What is the im-
pact of these system-bath extreme interaction regimes
on the QPT? (ii) Assuming that the environment does
not destroy the QPT, how does it affect the critical
point and the ground state condensates? (iii) Are the
external thermal baths affected by the QPT? (iv) Can
the nonclassical properties of the system ground state
[44, 45] be observed by detection of vacuum fluctu-
ations [56–58]? (v) How to calculate the (observed
[43]) spectroscopic features in proximity of the crit-
ical point? (vi) How do the answers to the above
questions depend on the specific spectral densities of
the thermal baths?

In this paper, we present a full quantum description
of the open Dicke model in the thermodynamic limit,
based on quantum Langevin equations, not restricted
by the smallness of γ/ω and that can be applied for
essentially any range of parameters, differently from
approaches such as the Lindblad master equation that
rely on the rotating wave approximation (RWA) or the
weakness of the system-bath interaction. The frame-

work presented here is able to accurately describe the
equilibrium open Dicke model in the proximity of the
mode softening. Within this approach, the superra-
diant phase of the open Dicke model is addressed by
diagonalizing the full Hamiltonian describing the open
quantum system. We find that a large class of thermal
baths consisting of an infinite number of harmonic os-
cillators (normal modes) interacting with the system
via a potential displaying a metastable minimum and
with well-behaved densities of states (properly van-
ishing as ω → 0) do not affect the critical point of
the corresponding closed system. This result is in
agreement with recent experimental data [43]. We
will also show that, in this case, the ground-state con-
densation occurring in the system influences the bath
state, but not vice versa. In contrast, previous theo-
retical studies of driven-dissipative systems, based on
either the master-equation approach [59–61] or the
Keldysh path-integral formalism [21, 22], predict a
quantum critical point that depends on the cavity dis-
sipation rate. This discrepancy is expected, given the
fundamentally different physical settings and theoret-
ical frameworks employed. Indeed, in those works,
approximations such as the RWA for the system-
environment coupling are employed, which is appro-
priate because the system dynamics is described in the
high-frequency rotating frame imposed by the exter-
nal drive. In our case, however, these approximations
are not valid, as our treatment explicitly addresses the
equilibrium regime without considering any rotating
frame.

Furthermore, our theoretical approach allows us to
calculate the spectral properties of the system when
probed by a coherent weak tone at any value of the
critical parameters, for different bath spectral den-
sities, and for arbitrary large damping rates. This
framework is not limited to systems described by the
Dicke Hamiltonian, but can also be applied to charac-
terize similar spectral behaviors observed near a quan-
tum critical point [62].

The structure of this paper is as follows. In Sec. 2,
we outline the main features of the standard Dicke
model for a closed system and establish the notation
used throughout the manuscript. In Sec. 3, we inves-
tigate the open Dicke model through our approach,
based on the quantum Langevin equations. Specifi-
cally, in Secs. 3.1 and 3.2, we derive the properties
of the open system in the normal and superradiant
phases, respectively, while Sec. 3.3 provides a detailed
discussion of these results. The theoretical framework
for calculating coherent spectra, applicable to arbi-
trary bath density of states, is developed in Sec. 4,
where we also present several coherent reflection spec-
tra as illustrative examples. In Sec. 5, we explore
alternative system-bath interactions and their impli-
cations on the system properties and the associated
SPT. A discussion on the squeezing properties of the
Dicke model, including their characterization and ob-
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Figure 1: Schematic sketch of the system. Two interacting
subsystems, A and B, with coupling strength g. Each com-
ponent interacts with its own thermal bath. The interaction
of a subsystem with its own reservoir can also be regarded
as an input-output port, through which the system can be
excited and probed. In this work we will consider explicitly a
single tone coherent excitation of subsystem A and calculate
the corresponding reflection coefficient S11. This framework
can be easily generalized to include the interaction with ad-
ditional thermal baths.

servability in an open system, is presented in Sec. 6.

2 Standard Dicke Model and superra-
diant phase transition
In this section, we briefly present the main features of
the Dicke model for an isolated system at zero tem-
perature, i.e., without considering its interaction with
the external environment, which will be discussed in
the Section 3. The Dicke Hamiltonian, which de-
scribes a single bosonic mode with resonance fre-
quency ωa interacting with a collection of N identical
TLSs with transition frequency ωb (see Fig. 1), is usu-
ally written as

Hsys = ℏωaa†a+ ℏ
ωb
2

N∑
i=1

σzi + ℏ
g√
N

(
a† + a

) N∑
i=1

σxi ,

(1)
where a is the bosonic annihilation operator, σαi (with
α = x, y, z) are the usual Pauli operators associ-
ated to the i-th TLS and g is the coupling strength.
This model does not include the so-called A2 (or P 2)
term, which must be included when describing electric
dipoles coupled to the electromagnetic field of a cavity
in the Coulomb (dipole) gauge [13, 63, 64]. However,

it is well-suited for systems displaying a Zeeman-like
interaction [42]. A further generalization of the Dicke
model allows for non-homogeneous coupling between
the two-level systems (TLSs) and the radiation field
[4, 65]. Equation (1) can be rewritten by introduc-
ing collective spin operators Jα =

∑
i σ

α
i /2, satisfying

the usual angular momentum algebra. Henceforth, we
focus our study to the manifold of maximum angu-
lar momentum, which is composed by the states that
maximally couple with the bosonic field [8]. This is
equivalent to fix j = N/2, with j being the eigenvalue
of the total angular momentum operator J2. Indeed,
at zero temperature and large N , the ground and the
first excited states reside within this manifold, mak-
ing it the most relevant for investigation. We now
introduce the Holstein-Primakoff (HP) transforma-
tions [66–68], defined by Jz = ℏ

(
b†b−N/2

)
, J+ =

ℏb†
√
N − b†b and J+ = (J−)†, which yields to the

bosonic version of the Dicke Hamiltonian

Hsys = ℏωaa†a+ ℏωbb†b

+ ℏg
(
a† + a

)(
b†

√
1 − b†b

N
+
√

1 − b†b

N
b

)
.

(2)
In the thermodynamic limit (corresponding toN →

∞, while ρ = N/V remains finite), the Dicke Hamil-
tonian predicts a second-order QPT for a critical cou-
pling gc = √

ωaωb/2 [7, 8]. While in the so-called
normal phase (g < gc) the ground state of the sys-
tem does not exhibit any macroscopic condensate, in
the superradiant phase (g > gc) both fields acquire
a non-zero ground-state coherent occupation, which
structurally change the properties of the system. In
the normal phase, the lowering and raising operators
in the HP maps can be linearized in the low-excitation
regime, leading to the effective Hamiltonian

HNP = ℏωaa†a+ ℏωbb†b+ ℏg
(
a† + a

) (
b† + b

)
. (3)

Such Hamiltonian can be diagonalized by consider-
ing the corresponding Hopfield-Bogoliubov matrix A,
whose eigenvalues represent the excitation energies of
the system, Ω. Such matrix in the normal phase,
ANP, reads

ANP =


ωa 0 g g
0 −ωa −g −g
g g ωb 0

−g −g 0 −ωb

 . (4)

The lowest excitation energy Ω− vanishes as g → gc as
expected (see Fig. 2(a)), thus signaling the presence
of the SPT. On the other hand, in the superradiant
phase obtained for g > gc, the effective Hamiltonian
in Eq. (3) is no longer valid since both fields acquire
a macroscopic coherent occupation. To take into ac-
count these condensations, we shift the bosonic op-
erators as a = as +

√
α and b = bs −

√
β, where α

and β are c-number of order O(N), while as and bs
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Figure 2: Excitation energies of the isolated system.
Upper and lower excitation energies for the isolated system
in the normal (yellow background) and superradiant (cyan
background) phases as a function of the (a) normalized cou-
pling and (b) frequency ratio. Parameters: (a) ωb/ωa = 1,
(b) g/ωa = 0.18.

are bosonic operators describing the fluctuations with
respect to the respective mean value. By inserting
these definitions into Eq. (2) and imposing the equi-
librium condition in the resulting expression (which
corresponds to the vanishing of the linear terms in
these bosonic operators), we obtain non-zero macro-
scopic mode occupations in the superradiant phase,
which are given by

α = Ng2

ω2
a

(
1 − 1

λ2

)
, β = N

2

(
1 − 1

λ

)
, (5)

where λ = 4g2/ωaωb = g2/g2
c . The corresponding

effective Hamiltonian in the superradiant phase is

HSP = ωaa
†
sas+ω̃bb†

sbs+g̃(as+a†
s)(bs+b†

s)+D(bs+b†
s)2,
(6)

where ω̃b = ωb (λ+ 1) /2, g̃ = gc
√

2/(λ+ 1) and D =
ωb(λ− 1)(3λ+ 1)/8(λ+ 1). The Hopfield-Bogoliubov
matrix in the superradiant phase reads

ASP =


ωa 0 g̃ g̃
0 −ωa −g̃ −g̃
g̃ g̃ ω̃b + 2D 2D

−g̃ −g̃ −2D −ω̃b − 2D

 . (7)

In Fig. 2(a), the upper and lower excitation energies
of the standard (closed system) Dicke model are plot-
ted as a function of the normalized coupling strength
g/ωa. Similarly, Fig. 2(b) presents these excitation
energies as a function of the frequency ratio ωb/ωa,

which can be more easily controlled in a typical exper-
imental realization [43], as it will be further discussed
in the Section 4.

3 Open Dicke Model
In this section, we extend the well-established results
regarding the closed Dicke model and the SPT, in-
cluding the interactions with the external environ-
ment. This aspect is crucial for accurately reproduc-
ing experimental results, especially in systems that
are not driven-dissipative. Indeed, while many ap-
proaches have been developed during the years for
the study of the driven-dissipative Dicke model, the
lack of a general theory able to describe a non-driven
QPT which includes the interaction with the exter-
nal environment, not relying on those approximations
which fail in proximity of the critical point (e.g., Born-
Markov and rotating wave approximations), is still
missing, at least to our knowledge.
We present here a general theoretical framework

based on the Quantum Langevin equations, valid
both in the normal and superradiant phase, which is
approximation-free, thus suitable for the description
of the non-driven dissipative QPTs near their criti-
cal points. Furthermore, this approach enables the
calculation of reflection, absorption, and transmission
spectra for arbitrary values of the coupling strength
and loss rates, in presence of arbitrary types of baths
(e.g., ohmic and non-ohmic). In our derivation, we
consider the general case in which both the subsys-
tems interact with their respective external environ-
ments through the decay rates γa and γb, respectively
(see Fig. 1). This treatment can be easily extended in
the case of additional loss channels, such as additional
input-output ports or non-radiative losses, which have
not been included here for the sake of simplicity. The
external baths are modeled as infinite, discrete col-
lections of independent harmonic oscillators, coupled
to the system Hamiltonian through their coordinates
[69]. Hence, the total Hamiltonian is given by

H = Hsys + 1
2
∑
j=a,b

∑
n

[
p2
jn + kjn(qjn −Xj)2] , (8)

where qjn and pjn are the coordinate and momentum
associated to the n-th mode of the j-th oscillator, re-
spectively, and Xj are system coordinates. This form
of coupling is physically well-grounded, as it admits
a clear and straightforward interpretation: the bath
coordinates qjn are shifted from their unperturbed
equilibrium position by the influence of the system
coordinates Xj . This interaction potential has the ad-
ditional advantage of displaying a metastable energy
minimum. On the other hand, another commonly
employed form of the system-bath interaction term
is given just by a sum of products between the sys-
tem and bath coordinates, i.e., qjnXj . Differently
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from the expression in Eq. (8), the latter coupling
term does not display an energy minimum and can
thus introduce additional instabilities in the system
description, as further discussed in Section 5, where
we will show that the form of the interaction poten-
tial can have relevant consequences on the SPT of
the open Dicke model. Throughout this paper, we
base our analysis of the open system dynamics on the
quantum Langevin equations derived from Eq. (8),
without introducing any additional approximation to
the system-bath interaction. An equivalent alterna-
tive approach involves the Fano-Hopfield-Bogoliubov
diagonalization of the full system-bath Hamiltonian
(see, e.g., Refs [70–72]).

3.1 Normal Phase
The coordinates of the systems A and B appearing
in Eq. (8) are, respectively, Xa =

√
ℏ/2ωa(a† + a)

and Xb =
√
ℏ/2ωb(b†

√
1 − b†b/N +

√
1 − b†b/N b).

In the thermodynamic limit, the ground state in
the normal phase is not macroscopically occupied,
hence, the square root in the definition of Xb ap-
proaches unity, leading to the effective coordinate
Xb =

√
ℏ/2ωb(b† + b). We can effectively trace out

the bath degrees of freedom from Eq. (8) and derive
the corresponding quantum Langevin equations (see
App. A) which, in the Fourier domain, are

−iωṽ(ω) = −i
(

A − i

2Γ(ω)
)

ṽ(ω) + F̃in(ω) , (9)

where ṽ = (ã, ã†, b̃, b̃†)T and F̃in is the Langevin forces
vector of the input fields in the frequency domain.
The decay matrix Γ depends on how the losses of the
system are modeled, which in turn are microscopically
linked to the system-bath couplings kjn. By intro-
ducing the matrix M(ω; A,Γ) = A − iΓ(ω)/2 − ωI,
Eq. (9) can be compactly written as

iM(ω; A,Γ)ṽ(ω) = F̃in(ω) . (10)

To simplify the notation, from now on we will sup-
press the explicit dependence on ω whenever it is not
strictly necessary. For completeness, we note that
an analogous equation applies to the output fields,
namely

iM(A,−Γ)ṽ = F̃out . (11)

For the specific cases of only one bath for each of the
two subsystems A and B (see Fig. 1), the resulting
decay matrix Γ can be expressed in the normal phase
as

ΓNP =


γa −γa 0 0

−γa γa 0 0
0 0 γb −γb
0 0 −γb γb

 . (12)

The off-diagonal elements originate from the counter-
rotating terms in the system-bath interaction in
Hamiltonian in Eq. (8).

If the system is not coherently driven, the mean
values of the input fields vanish. Consequently, by av-
eraging Eq. (10) and imposing the compatibility con-
straint on the system of equations, we obtain

ζ(ω;ωa, ωb, γa, γb) ≡ det [M(ω; A,Γ)] = 0 . (13)

The zeros of this equation, Ω, correspond to the com-
plex eigenfrequencies of the equilibrium open Dicke
model, since ζ(ω) is, by construction, the character-
istic polynomial of A − iΓ/2. In the normal phase,
Eq. (13) is to be evaluated using the corresponding
matrices ANP and ΓNP, which leads to ζNP(ω) =
det [M(ω; ANP,ΓNP)]. The behavior of ζNP(ω) is dis-
played in Fig. 3 on the yellow background. A detailed
discussion on the complex eigenfrequencies will be
presented in Sec. 3.3. For now, we simply observe that
the critical point of the open system can be identified
in a similar way to the closed Dicke model, namely
through the vanishing of one of the complex eigen-
frequencies. We notice that the real part of the lower
complex eigenfrequency approach zero before the crit-
ical point (of the closed system), while simultaneously
its imaginary part splits and reaches zero precisely at
the closed-system critical value of the parameter. Be-
yond this critical point, the ground state of the sys-
tem acquires a macroscopic occupation, requiring a
revised description of the system. We will delve into
these implications in the following section.

3.2 Superradiant Phase
To accurately describe the properties of the open
Dicke model in the superradiant phase, it is essen-
tial to account for the condensates that form in the
system’s ground state. A comprehensive and self-
consistent treatment requires direct analysis of the to-
tal Hamiltonian given in Eq. (8), which contains both
the system and bath variables. Indeed, this approach
ensures a proper description of the mutual influence
between the system and its environment, which be-
comes relevant in the strong system-bath coupling
regime. This methodology significantly differs from
previous studies, which primarily rely on either the
minimization of the effective system’s degrees of free-
dom through a master equation approach [59, 60] or
the analytic continuation of the system’s Green func-
tion [55]. In contrast, our approach enables a more
rigorous treatment of the open-system dynamics, cap-
turing key effects that can emerge due to the strong
system-bath interactions, which becomes inevitable
near an equilibrium QPT. To perform our analysis
of the superradiant phase, we proceed similarly to the
standard Dicke model by shifting both the system and
bath bosonic operators as

a = as +
√
α , b = bs −

√
β ,

can = cs,an +
√
σan , cbn = cs,bn −

√
σbn ,

(14)
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where, as usual, the bosonic operator of bath A is
defined as cjn = (ωjnqjn + ipjn) /

√
2ℏωjn. In prin-

ciple, the baths can have different dimensionalities.
By substituting these definitions into the Hamiltonian
in Eq. (8) and minimizing the resulting expression,
we obtain the non-zero macroscopic occupations (see
App. B)

α = Ng2

ω2
a

(
1 − 1

λ2

)
, β = N

2

(
1 − 1

λ

)
,

σan = kan
ωanωa

α , σbn = kbn
ωbnωb

λ+ 1
2λ β .

(15)

Notably, the minimization procedure reveals that the
open Dicke model predicts a macroscopic ground state
condensation in the superradiant phase which is ex-
actly the same as in the isolated system, as evi-
denced by the same condensates’ values as in the
Sec. 2. These results highlight what can be described
as a resilience of the condensates against the effects
of system-bath coupling. Furthermore, although the
ground state condensation of the system remains un-
affected by the presence of the baths, it nevertheless
induces a macroscopic occupation in the bath fields.
This phenomenon is to be expected in equilibrium
conditions and can be interpreted as the baths inher-
iting a property of the system, much like a material
develops magnetization when placed in contact with
a magnet. The resilience of the QPT to the interac-
tion of the system with the external baths is due to
the specific form of the system-bath coupling intro-
duced in Eq. (8). As discussed in detail in Sec. 5, the
form of the microscopic system-bath interaction can
significantly influence the predicted outcomes. For in-
stance, in the present case, the compensation among
some of the terms involved in the minimization pro-
cess, which in turn plays a crucial role in determining
the macroscopic mode occupations, is directly tied to
this choice.
After enforcing the equilibrium condition, the re-

sulting effective Hamiltonian in the superradiant
phase can be expressed as

H = HSP + 1
2
∑
j=a,b

∑
n

[
p2
jn + k̃jn (qs,jn − xj)2

]
,

(16)
where we defined the coordinate fluctuation operators

qs,jn =
√

ℏωjn/2kjn
(
c†

s,jn + cs,jn

)
. The effective sys-

tem coordinates coupled to the baths are given by
xa =

√
ℏ/2ωa(a†

s +as) and xb =
√

2ℏ/ωb(λ+ 1)2(b†
s +

bs), while the coupling constants are k̃an = kan and
k̃bn = kbn (λ+ 1) /2λ. The effects of condensation
are incorporated through the λ-dependent factors.
As shown in App. C, the quantum Langevin equa-
tions in the superradiant phase preserve the same
structure as in Eq. (10), upon the introduction of
the decay matrix ΓSP, obtained by the replacement
γb → γ̃b = 2γb/λ(λ+1) in ΓNP. The effective loss rate
of subsystem B, γ̃b, coincides with the bare damping
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Figure 3: Excitation energies. (a) Upper and lower excita-
tion energies as a function of the normalized coupling in the
closed (blue) and open (red, real parts) Dicke models. (b)
Inset zooming near the critical point of the lower polaritons
of both the closed and open Dicke models. (c) Negative
imaginary parts of the upper (gray) and lower (orange) exci-
tation energies. Parameters used: ωa = ωb = 1, γa = 0.3,
γb = 0.2.

rate γb at the critical point but gradually decreases
to zero as the coupling strength increases. This be-
havior arises from saturation effects, which become
increasingly significant and are determined by the val-
ues of the condensates. Similarly to the normal phase,
the excitation energies in the superradiant phase can
be computed by adapting Eq. (13), which yields to
ζSP(ω) = det [M(ω; ASP,ΓSP)]. The zeros of ζSP(ω)
are plotted in Fig. 3 on the cyan background.

3.3 Excitation Energies
Figure 3 displays the real (red) and the opposite of
the imaginary parts (orange and gray, corresponding
to the lower and upper polaritons, respectively) of the
complex excitation energies obtained from Eq. (13).
The most notable distinction from the excitation spec-
tra of the closed Dicke model (blue) is the emergence
of a gap region between the normal and superradiant
phases (Fig. 3b), where the real part of the lower po-
lariton becomes zero while its imaginary part splits.
We identify the critical point of the QPT with the van-
ishing of the imaginary part of a complex excitation
energy, which necessarily coincides with the vanishing
of the total complex eigenfrequency. It is important
to highlight that extending the normal-phase excita-
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tion frequencies beyond the critical point would in-
correctly predict a positive imaginary component for
the lower mode, violating the principle of causality,
which requires the response functions to not have any
poles in the upper half of the complex frequency plane.
Indeed, in the next section, we will show that the
poles of a causal response function in the frequency
domain (the reflection coefficient S11) actually coin-
cide with the solutions of Eq. (13), thereby validating
the present analysis. Another remarkable feature is
the behavior in the energy spectrum at low coupling
strengths, where the imaginary parts of the upper and
lower excitation energies split, while their real parts
tends to converge. This characteristic behavior marks
the transition between the weak and strong coupling
regimes. Notably, if one of the channel effectively acts
as a gain that compensates for the system’s losses, i.e.,
γb = −γa, the effective Hamiltonian in the normal
phase would display PT symmetry with the transi-
tion associated to an exceptional point [73–78].

Remarkably, it can be shown that the critical point
in this equilibrium open Dicke model coincides with
that of the corresponding closed Dicke model, pro-
vided the dissipation rates are well-behaved, even if
not ohmic. To clarify this point, we analyze the be-
havior of the complex excitation energies in the nor-
mal phase by examining the explicit expression of
ζNP(ω), given by

ζNP(ω) = ω4+ i(γa + γb)ω3 − (ω2
a + ω2

b + γaγb)ω2

− i(ω2
aγb + ω2

bγa)ω − 4g2ωaωb + ω2
aω

2
b .
(17)

As can be readily observed, in the limit ω → 0 (i.e.,
near the QPT), only the constant terms in Eq. (17)
are relevant, provided the damping rates are physi-
cally meaningful. By this, we refer to the constraint
that ωγ(ω) must vanish as ω → 0, though the rate at
which it approaches zero may vary [79]. These con-
stant terms vanish when the coupling strength reaches
g = √

ωaωb/2 = gc, which coincides with the critical
coupling of the SPT in the closed Dicke model. This
demonstrates the resilience of the SPT against the
coupling with the external environments. Although
Eq. (17) remains valid for any well-behaved dissipa-
tion rates, the case of constant decay rates (γj(ω) ≡
γ0j , for frequencies well below a high-frequency cut-
off) is of particular interest. This corresponds to the
ohmic dissipation described in Ref. [79], as it yields
the familiar velocity-dependent damping term of a
classical damped harmonic oscillator. Indeed, consid-
ering as an example the decoupled (g = 0) oscillator
A, the frequency-domain equation of motion reads:
−iωP̃a = −ω2

aX̃a − iωγaX̃a + ξ̃a. Since the damp-
ing rates must satisfy the condition γ∗

j (ω) = γj(−ω)
(see App. A), we model their low-frequency behav-
ior as γj(ω) = γ0j |ω|s, where s = 0 corresponds to
the ohmic case. Baths with −1 < s < 0, where the
damping rate vanishes more slowly as ω → 0 than in
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Figure 4: Excitation energies for non-ohmic baths. Com-
parison of the real (red) and imaginary (blue) parts of the
lower excitation energy for ohmic baths (solid lines) with
those for (a) subohmic baths (dotted lines) and (b) super-
ohmic baths, plotted as functions of the normalized coupling
strength g/ωa. Parameters used: ωa = ωb = 1, γ0a = 0.3,
γ0b = 0.2.

the ohmic case, are classified as subohmic, while those
with s > 0 are referred to as superohmic. Pathologi-
cal cases with s ≤ −1 are excluded from the present
analysis. Remarkably, due to the form of γj(ω), the
behavior of ζNP(ω) near the QPT remains unaffected,
leaving the critical point unchanged even in pres-
ence of non-ohmic baths. This result sharply contrast
with previous findings for the driven-dissipative Dicke
model, where the critical point is shifted by the dis-
sipation rate [59–61]. Fig. 4 shows the real (red) and
imaginary (blue) parts of the lower eigenfrequency for
subohmic (dotted lines) and superohmic (dash-dotted
lines) baths, in comparison with the ohmic case (solid
lines). The damping rates are intentionally set to high
values to emphasize the relative differences between
the various types of baths. This choice is allowed by
the fact that our approach does not impose any con-
straints on the smallness of the damping rates.

4 Input-Output Fields and Spectra
The approach presented in this Section offers several
advantages. Beyond its applicability across a broad
range of parameters and the possibility of address-
ing non-ohmic baths, it also allows for the analyt-
ical calculation of reflection and transmission spec-
tra for both ohmic and non-ohmic environments. In
this section, we develop the theoretical framework re-
quired for such analysis, while in the following sub-
sections, we apply it to ohmic, subohmic, and super-
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Figure 5: Ohmic reflection spectra. (a-d) 2D ohmic reflection spectra, with an inset near the critical point in (a). The
corresponding closed-system excitation energies, Ω, are superimposed on the plots (green lines). (e,f) 1D spectra in the
proximity of the critical point, in the (e) normal and (f) superradiant phases. Dashed vertical lines represent the corresponding
closed-system lower excitation energies (Ω−), showing excellent agreement with the minima of the reflection spectra. Param-
eters used: (a) ωa = ωb = 1, γa = γb = 0.1; (b) ωa = 1.2, ωb = 1, γa = 0.2, γb = 0.1; (c) ωa = 1.2, ωb = 1, γa = 0.1,
γb = 0.2; (d) ωa = ωb = 1, γa = 0.1, γb = 0.5; (e,f) ωa = ωb = 1, γa = 0.05, γb = 0.075.

ohmic cases, illustrating the results through examples
of reflection spectra.
Following the approach outlined in Refs. [69, 80],

we introduce the input fields’ operators as

Cin,j(t) =
∫ ∞

0

√
ℏ

4πω

(
c̃in,j(ω)e−iωt+ c̃†

in,j(ω)eiωt
)
dω ,

(18)
with a similar relation holding for the output fields,
Cout,j(t). The creation and annihilation operators of
these fields are strictly related to the baths bosonic
operators, and satisfy the canonical commutation re-

lations
[
c̃in/out,j(ω′) , c̃†

in/out,k(ω′′)
]

= δjkδ(ω′ − ω′′).
For convenience, we adopted the continuum limit on
the bath degrees of freedom. We observe that, in
absence of the RWA, both co-rotating and counter-
rotating terms in Cin,j(t) must be considered. It can
be shown that, in the normal phase, the Langevin
forces are proportional to the fields in the frequency
domain, i.e., F̃in/out,j(ω) ∝

√
γj/ωj C̃in/out,j(ω). A

similar relation holds in the superradiant phase, upon
the introduction of a prefactor

√
2/λ(λ+ 1) preced-

ing C̃in/out,b. A detailed discussion on the derivation
and properties of the input and output fields is pro-
vided in App. D. The input-output relations [69, 81]
can be obtained through Eqs. (10) and (11), reformu-
lated in terms of the input and output fields C̃in/out,j ,
yielding to

C̃out,j =
∑
k

√
ωj
ωk

γk
γj

M (A,−Γ) M (A,Γ)−1
∣∣∣
jk

C̃in,k ,

(19)

where M (A,−Γ) M (A,Γ)−1
∣∣∣
jk

is the (j, k)-th 2 × 2

block of the matrix M (A,−Γ) M (A,Γ)−1
, for j, k =

1, 2 (= a, b). The input (output) vectors are defined
as C̃in/out,j = (C̃in/out,j ,−C̃in/out,j)T . Thus, we can
now introduce the scattering matrix S(ω), whose ele-
ments are defined by

Sjk = ⟨C̃out,j⟩
⟨C̃in,k⟩

∣∣∣∣
⟨C̃in,i⟩=0 for i̸=k

(20)

As already highlighted, a key advantage of this ap-
proach lies in the absence of any approximation in the
derivation of Eq. (20), which makes it suitable for de-
scribing the system properties across all range of the
parameters, including highly nontrivial cases such as
those in the proximity of the critical point or in pres-
ence of strong dissipation.

As illustrative examples, in the following sections
we compute reflection spectra through port a (S11),
obtained by evaluating Eq. (19) for j = k = 1, which
leads to

S11 = ⟨C̃out,a⟩
⟨C̃in,a⟩

∣∣∣∣
⟨C̃in,b⟩=0

=
(
2− 1

2 ,−2− 1
2

)
M (A,−Γ) M (A,Γ)−1

∣∣∣
11

(
2− 1

2

−2− 1
2

)
= ζ(ωa, ωb,−γa, γb)

ζ(ωa, ωb, γa, γb)
.

(21)
As previously mentioned, the denominator in this ex-
pression corresponds to the characteristic polynomial
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of the open Dicke model. Furthermore, Eq. (21) is
valid for both ohmic and non-ohmic baths. Spec-
tra associated with alternative input-output channels,
such as the transmission spectrum S12, can be readily
obtained by appropriately applying Eq. (20).

4.1 Ohmic Reflection Spectra
In this section, we focus our attention on the analysis
of ohmic spectra (s = 0), which corresponds to as-
suming constant damping rates, i.e., γj(ω) = γ0j in
Eq. (21). While maintaining constant damping rates
over a broad spectral range is not entirely realistic,
here our main interest lies in the low-frequency re-
gion, where the softening of the lower polariton occurs
near the critical point. Nevertheless, the theoretical
framework employed here allows for the incorporation
of more complex frequency-dependent damping rates
without any issues.

In Fig. 5, we plot the reflection spectra for an ohmic
bath over a wide range of parameters, taking advan-
tage of the opportunities our treatment allows for. A
key feature observed is the presence of a coupling-
dependent Lamb shift, which displaces the reflection
minima relative to the eigenfrequencies of the isolated
system (green solid lines). However, while the Lamb
shift is appreciable far from the critical point, it van-
ishes in the vicinity of gc, as highlighted in the inset
of panel (a) and panels (e-f). Simultaneously, the left-
side broadening of the asymmetric Lorentzian profile
shrinks to zero at the same rate as the minima, en-
suring a consistent spectral description even in the
low-frequency regime. It is worth noting that the re-
flection spectrum exactly at the critical point is not
entirely physically meaningful for the lower polari-
ton, as it exhibits a reflectivity different from 1 at
ω = 0. However, this does not pose a practical is-
sue in experiments and applications, since the crit-
ical point represents a singular set of zero measure
in the coupling parameter space and cannot be pre-
cisely accessed due to various intrinsic system noises.
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Figure 6: Typical experimental reflection spectra. 2D
ohmic reflection spectra as a function of the frequency ratio
ωb/ωa, for g/ωa = 0.25.

Indeed, for any coupling g = gc ± ϵ, where ϵ is a
arbitrary small positive quantity, the spectra remain
well-behaved. While panel (a) represents a resonant
system (ωa = ωb = 1), a comparison of panels (b) and
(c) provides additional insight: both depict detuned
systems (ωa = 1.2, ωb = 1), but in panel (b) the sub-
system A has an higher damping rate compared to B
(γa = 0.2, γb = 0.1), whereas panel (c) illustrates the
opposite scenario. The most striking consequence is
the difference in the depth of the reflection minima for
the upper and lower excitation energies, which is to
be expected due to the different nature of the polari-
tons at low and high coupling strengths. Panel (d)
showcases a more extreme scenario where γb = 0.5,
placing it well outside the parameter range where the
Born-Markov approximation remains valid, regardless
of the coupling strength. In this case, we observe
a considerable Lamb shift, particularly for the up-
per excitation energy and for weak couplings in the
lower branch. However, even in this extreme situa-
tion, the Lamb shift vanishes when approaching the
critical point for the lower polariton. Finally, pan-
els (e,f) present 1D reflection spectra near the critical
point (solid lines), alongside the excitation energies of
the closed Dicke model described by equation Eq. (2)
(vertical dashed lines). Remarkably, these plots con-
firm that the reflection minima near the critical point
do not correspond to the real part of the complex
eigenfrequencies, but are determined by the closed-
system excitation energies. This feature explains why,
even near a QPT, experimental fits remain accurate
when compared with the conventional closed-system
eigenfrequencies (see, e.g., [43]). Furthermore, this
analysis aligns with the previous observation of the
vanishing of the Lamb shift near the critical point,
both from below (e) and above (f).

Experimental realizations [43], however, are typi-
cally realized by tuning the resonance frequency of
one of the two subsystems, as direct modulation of
the coupling strength mid-experiment is often highly
challenging. In particular, Ref. [43] reports the exper-
imental observation of a magnonic SPT in a ErFeO3
system, where the harmonic and anharmonic subsys-
tems correspond to a Fe3+ magnonic mode and an
Er3+ spin ensemble, respectively. This system can
be effectively described by a generalized Dicke model,
and its spectral properties have been investigated by
varying an externally applied magnetic field, which
primarily affects the resonance frequency of the Er3+
spins, ωb. Fig. 6 presents the corresponding theoreti-
cal emission spectrum as a function of the frequencies
ratio ωb/ωa, exhibiting a close agreement with the ex-
perimentally observed SPT. The damping rate γb is
assumed to scale linearly with ωb, a reasonable as-
sumption for an ohmic spectral density. We point out
that this calculation has been carried out at zero tem-
perature and does not consider any additional features
beyond the standard Dicke model. Hence, it is not in-
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Figure 7: Non-ohmic reflection spectra. (a-d) 2D reflection spectra for subohmic (a,b) and superohmic (c,d) baths, with the
corresponding closed-system excitation energies, Ω (green lines). The insets near the critical point highlight the differences in
the spectral behavior. Parameters used: (a,c) ωa = ωb = 1, γ0a = γ0b = 0.1; (b,d) ωa = 1.2, ωb = 1, γ0a = 0.1, γ0b = 0.2.

tended to provide a quantitative fit of the experimen-
tal data but rather to offer a theoretical perspective
on the underlying spectral features.

4.2 Non-Ohmic Spectra
In this section, we examine both subohmic and su-
perohmic spectral behaviors. As illustrative exam-
ples, we select s = −0.5 for the subohmic case and
s = 0.5 for the superohmic case, and calculate the
reflection spectra using Eq. (21). Spectra for other
types of baths can be straightforwardly computed us-
ing the same procedure.
In Fig. 7(a,b), we present subohmic reflection spec-

tra, utilizing the same parameters as those used in
panels (a) and (c) of Fig. 5, respectively. Similarly,
Fig. 7(c,d) displays superohmic reflection spectra for
the corresponding parameter set. In the subohmic
spectra, we observe a broadening of the full width at
half maximum (FWHM) for the lower polariton and
a narrowing for the upper polariton compared to the
ohmic case. This behavior arises from the frequency-
dependent scaling of the damping, γj(ω) = γ0j/

√
|ω|,

which amplifies losses at low frequencies while reduc-
ing them at high frequencies. Conversely, in the su-
perohmic case, characterized by γj(ω) = γ0j

√
|ω|,

losses are enhanced at high frequencies and sup-
pressed at low frequencies. This behavior is particu-
larly evident in the insets near the critical point shown
in Fig. 7(a,c), especially when compared to the inset
of Fig. 5(a) for the ohmic bath. The range of all three
insets is the same to better highlight the differences
in spectral characteristics. Figure 8(a,b) display 1D
lower polariton spectra for coupling strengths close to
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Figure 8: Non-ohmic reflection spectra. (a,b) Compari-
son of the 1D spectra in the proximity of the critical point,
both in (a) normal and (b) superradiant phases, for dif-
ferent baths’ spectral densities: ohmic (solid), subohmic
(dashed) and superohmic (dash-dotted). These different be-
haviors have been modeled through ω-dependent damping
rates, γj(ω) = γ0j |ω|s. The constants γ0j have been chosen
such that the damping rates of the lower excitation ener-
gies γj(Ω−) for the blue lines would be equal, allowing for a
better comparison between the lineshapes. Parameters used:
ωa = ωb = 1, γ0a = 0.05, γ0b = 0.075 for the ohmic case,
while in the subohmic and superohmic cases these have been
respectively divided or multiplied by (a) 3.162 in the normal
phase and (b) 2.656 in the superradiant phase.
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the critical point, showing the differences between var-
ious baths both (a) below and (b) above the QPT. The
most notable difference lies in the distinct lineshapes
between different baths, which cannot be solely at-
tributed to variations in FWHM. Instead, it directly
arises from the frequency dependence of γj(ω), lead-
ing to a highly asymmetric Lorentzian behavior. To
better emphasize this feature, the damping rates in
Figure 8(a,b) have been deliberately chosen to differ
across the illustrated examples. Specifically, the val-
ues of γ0j for the different baths have been adjusted so
that the damping rates evaluated at the lower eigen-
frequency, i.e., γj(Ω−), are all equal for specific cou-
pling strengths near the critical point (g = 0.495 and
g = 0.505 for the normal and superradiant phases,
respectively, corresponding to the blue lines). This
ensures a fair comparison of the spectral asymme-
try originating from the frequency dependence of the
damping rates.

5 System-Bath interaction without a
metastable minimum
Typically, the coupling between the system of interest
and the bath is not given much specific attention, with
one of the most common forms being that given in
Eq. (8). However, in this section, we explore the con-
sequences of adopting alternative interaction terms
that do not exhibit an energy minimum. As noted
in Sec. 3, interaction terms that are definite positive
ensure that the bath does not introduce additional in-
stabilities in the system’s description. Nonetheless, it
is interesting to investigate other notable and widely
adopted cases, such as interactions proportional to
the product of system and bath coordinates, and how
these alternatives influence the system properties. In
the case of the bilinear interaction term in the coordi-
nates, which is characteristic of certain circuital con-
figurations, the total system-bath Hamiltonian takes
the form

H ′ = Hsys +
∑
j=a,b

∑
n

[
p2
jn

2 + kjn
q2
jn

2 − kjnqjnXj

]
.

(22)
Through straightforward algebraic manipulations, it
becomes evident that Eq. (22) can be rewritten in the
form of Eq. (8) by appropriately redefining the system
Hamiltonian Hsys. Specifically, we obtain

H ′ = H ′
sys + 1

2
∑
j=a,b

∑
n

[
p2
jn + kjn(qjn −Xj)2] ,

(23)
where the renormalized system Hamiltonian is given
by

H ′
sys = Hsys −

∑
j=a,b

fj(0)
2 X2

j . (24)

Here, fj(0) =
∑
n kjn, as defined in App. A.

As emphasized in Sec. 3, a system-bath coupling
of the form in Eq. (23) does not alter the position
of the critical point compared to the closed system.
Therefore, determining the location of the SPT sim-
ply requires diagonalizing H ′

sys. By applying a Bo-
goliubov transformation to the system operators (see,
e.g., Ref. [13]), one finds that H ′

sys is formally equiv-
alent to Hsys under the redefinitions of the bare fre-
quencies ω′ 2

j = ω2
j−fj(0) and of the coupling constant

g′ = g
√
ωaωb/ω′

aω
′
b .

Consequently, the critical coupling at which the
phase transition occurs is given by

g′
c = gc

4

√(
1 − fa(0)

ω2
a

)(
1 − fb(0)

ω2
b

)
. (25)

The presented equation shows that, in regard to this
specific system-bath interaction, the critical point for
the SPT is shifted, occurring at a lower coupling than
that observed in the closed Dicke model (see Sec. 2).
This result confirms that the form of the coupling be-
tween the subsystem and the bath can exert a signifi-
cant influence on the properties of the overall system
under consideration. As a direct consequence of the
redefinition of the bare frequencies ω′

j and of the cou-
pling strength g′, a further crucial modification is the
alteration in the condensates as Eq. (15) now involves
the primed quantities. We also observe that the in-
teraction of a system component with the external
environment, in this case, can in principle induce a
QPT with an abnormal phase for fj(0) > ω2

j . These
QPTs are totally uncorrelated from the SPT and can
occur independently from the strength of the coupling
g between the subsystems. Hence, in contrast with
system-bath interactions with a metastable minimum,
in this case the interaction also affects the structural
properties of the system.

6 On the observability of intrinsic
squeezing in the open Dicke model
Fundamental concepts as squeezing and entanglement
have been extensively studied in quantum optics for
several decades. Their importance has grown even
further with advancement in various fields, including
quantum computing and quantum cryptography, as
well as in many-body systems displaying QPTs near
their criticality [82–84]. It has been demonstrated
that the ground state of the Dicke model exhibits two-
mode squeezing, which becomes perfect at the critical
point of the QPT [8, 44]. This result could have sig-
nificant implications for sensing applications [48], as
intrinsic squeezing has the potential to enhance the
robustness of quantum sensing and information tech-
nologies against photon loss and decoherence [85, 86].
Typically, squeezing is observed with a signal of ap-
preciable intensity, whereas the ground state does not
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emit. However, recent advancements in nonlinear op-
tical techniques, particularly electro-optic sampling,
have enabled the direct probing of vacuum fluctua-
tions [56–58]. Since the detection of a signal requires
considering an open system, the investigation of the
open Dicke model becomes essential. Our aim is to
study whether this form of ground state squeezing
can be experimentally detected using these recently
developed techniques.
In electro-optic measurements, the output field re-

sults from the convolution of the input field with the
field inside the system, each oscillating at its respec-
tive eigenfrequency. This principle is strictly corre-
lated to energy conservation [87]. Consequently, when
defining the field quadratures, it is essential to ex-
press them in terms of physical operators oscillating
at the system’s actual frequencies, rather than using
standard bare operators. More specifically, bare op-
erators (a, b), due to counter-rotating terms in the
interaction, do not possess a well-defined frequency.
Indeed, both the annihilation and creation operators
contain contributions from both positive and negative
frequencies [52, 88]. Therefore, the analysis of electro-
optic detection techniques requires defining quadra-
tures by decomposing the fields into their positive-
and negative-frequency components, denoted X+(ω)
and X−(ω), respectively.
As an illustrative example, let us examine the case

in which the measurement apparatus is placed outside
the reference system, which can be assumed to be a
single-mode electromagnetic resonator in interaction
with a magnetic material. Probing vacuum fluctua-
tions implies a free vacuum field as input state and
analyzing how its interaction with the system modi-
fies the state. In light of the aforementioned consider-
ations, we define the positive- and negative-frequency
operators as

X+(ω) = C̃out,a(ω) ,

X−(ω) = C̃†
out,a(ω) .

(26)

The corresponding ϕ-dependent quadrature opera-
tor is Xϕ(ω) = eiϕX+(ω) + e−iϕX−(ω), whose
ground-state variance is (∆Xϕ)2 ≡ ⟨0| (Xϕ)2 |0⟩ −
⟨0|Xϕ |0⟩2 = ⟨0| (Xϕ)2 |0⟩.
To highlight the fundamental physics without

mathematical complications, in this section we ana-
lyze the problem within the dispersive regime [89].
The examination of the general case is postponed to
App. E. In the dispersive limit, ωb ≫ ωa, the spin
dynamics can be traced out through the use of a
Schrieffer-Wolff transformation [90, 91], resulting in
an effective Hamiltonian in the normal phase

HSW = ℏωaa†a− ℏg2

ωb

(
a† + a

)2

+ 1
2
∑
n

[
p2
an + kan(qan −Xa)2] , (27)

where the coupling operator Xa is the same as in
Eq. (8). Notably, the application of the Schrieffer-
Wolff transformation does not alter the coupling be-
tween the system and the thermal bath, kan. Taking
the dispersive limit of Eq. (19), the output field reads

C̃out,a(ω)= ω ωb(ω − iγa)+ ωa(4g2− ωaωb)
ω ωb(ω + iγa)+ ωa(4g2− ωaωb)

C̃in,a (ω) .

(28)
In turn, the input field can be expressed in terms of
the bath operators as

C̃in,a(ω) = i

√
ℏ

2ω c̃in,a(ω) , (29)

for ω > 0, whereas it is proportional to the creation
operator c̃†

in,a(ω) for ω < 0 (see App D). Inserting
Eqs. (28) and (29) into Eq. (26) and recalling that
c̃in,a(ω) |0⟩ = 0, we obtain

(∆Xϕ)2 = ⟨0|X+(ω)X−(ω) |0⟩ = ℏ
2ω . (30)

The resulting variance (∆Xϕ)2 is independent of the
angle ϕ, thus demonstrating that the squeezing in the
ground state cannot be detected using these tech-
niques. Equation (30) is strictly related to the ex-
perimental scheme employed in electro-optical detec-
tion. The impossibility of measuring squeezing aligns
with the findings of Ref. [88]. However, the analysis
of that work is focused on systems where counter-
rotating terms were present only within the system
Hamiltonian, while the interaction with the bath was
approximated using the RWA. Additionally, the de-
tection scheme there considered was based on homo-
dyne detection rather than electro-optic sampling.

Within the present framework, it is also possible
to consider the placement of the electro-optic crys-
tal inside the cavity. In this scenario, following an
analogous derivation to that of Eq. (28), it can be
shown that vacuum squeezing remains undetectable.
In this case, we would only observe a modification in
the photonic density of states, similarly to what found
in Ref. [58].

On the contrary, we expect that strong two-mode
squeezing and quantum entanglement could be ob-
served near the critical point by implementing a non-
adiabatic time-modulation of the coupling strength g,
or of one of the two bare frequencies ωa(b). This phys-
ical process reminds the dynamical Casimir effect ob-
served in superconducting circuits [92, 93] and quan-
tum vacuum radiation in polariton systems [94], in the
absence of QPTs. Instead, the theoretical framework
presented here also provides the means to explore the
effects of non-adiabatic time-modulation in proximity
of a critical point.

As previously mentioned, the ground state of the
Dicke model has been shown to exhibit squeezing.
Here, we emphasize that analyzing this intrinsic
squeezing, following the approach outlined in [8, 44],
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is indeed possible within an open quantum system.
However, it should be noted that the results will dif-
fer from those of the closed system due to an addi-
tional source of squeezing arising from the presence
of counter-rotating terms in the coupling between the
subsystems and their thermal baths. This form of vir-
tual squeezing also emerges in the fundamental case of
a simple harmonic oscillator interacting with its reser-
voir, provided no weak-coupling or RWA assumptions
are applied.

7 Conclusions
We have studied the time-independent open Dicke
model in the absence of any approximation on the
system-bath interactions. The total system-bath
Hamiltonian includes the Dicke Hamiltonian in the
thermodynamic limit (N → ∞), the Hamiltonians for
sets of infinite number of harmonic oscillators (the
bath normal modes), and the interaction term be-
tween the system components and their baths, de-
scribed by harmonic potentials with (or even without,
Sec. 5) metastable minima. In particular, we focused
our attention in the proximity of the critical point,
where usual approximations (e.g., Born-Markov) fails.
We have investigated the superradiant phase of the
open Dicke model by diagonalizing the total Hamilto-
nian of the open quantum system, thus ensuring a self-
consistent treatment that also accounts for the baths
degrees of freedom. The system dynamics, both in the
normal and superradiant phase, has been analyzed by
means of proper quantum Langevin equations.
Our results show that the Dicke QPT is resilient

to interactions with the environment, at least for a
large class of thermal baths with a well-behaved den-
sity of states (properly vanishing as ω → 0), and
displaying system-bath interactions with metastable
minima. In this case, despite the presence of large
Lamb shifts and significant changes of the eigenvalues,
we find that the critical point is not affected by the
environment, in agreement with recent experimental
results [43]. Moreover, in the superradiant phase, the
system ground state condensates are not affected by
the external environment. In contrast, we show that
the baths get infected by the system properties and
acquire a ground state macroscopic occupation them-
selves, which can be in principle detected. This phe-
nomenon is analogous to the magnetization induced
in a material brought into interaction with a ferro-
magnet.

This theoretical framework allowed us to easily cal-
culate the spectral properties of the system when
probed by a coherent tone at any value of the crit-
ical parameters, for different bath spectral densities
and for arbitrary large damping rates. The analytical
spectra obtained display lineshapes that become in-
creasingly asymmetric when approaching the critical
point. We also find that in the superradiant phase,

the effective damping rate of the anharmonic system
gradually decreases as the coupling strength increases.
This result can be observed in the system spectral be-
havior and is induced by saturation effects determined
by the condensates.

This approach can be readily extended to account
for additional dissipation channels, both radiative and
non-radiative, or to consider nonzero temperature
processes. Moreover, the framework here presented
can be rather directly generalized to study the in-
fluence of the system-baths interactions in arbitrary
materials collectively coupled to an electromagnetic
resonator in all regimes of light-matter coupling, in-
cluding symmetry-broken phases [55]. Notable exam-
ples could be the Lipskin-Meshkov-Glick and Fermi-
Hubbard models or the cavity-modified quantum Hall
effect. Our approach could, in principle, also be ap-
plied to driven-dissipative QPTs, albeit being an over-
complication, since approximations such as the Born-
Markov and rotating-wave can be safely employed in
those cases. Nevertheless, we expect that this frame-
work may still offer deeper physical insight into the
microscopic nature of the system-bath interactions.
This theoretical framework also allows for the explo-
ration of the effects of non-adiabatic time-modulation
in proximity of a critical point, which is expected to
lead to the detection of vacuum emission with highly
nonclasiscal features. Future studies will extend this
framework to nonlinear quantum systems, including
the Dicke model with a limited number of emitters.
This would be relevant in the study of topological
systems and quantum computations in systems pre-
dicting a QPT. We also believe that the rigorous de-
scription of the open Dicke model in the proximity of
the critical point here presented can be valuable for
criticality-enhanced quantum sensing.
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A Quantum Langevin Equations in the
Normal Phase
The aim of this Appendix is to derive quantum
Langevin equations for the Dicke Hamiltonian inter-
acting with the external environment through an in-
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teraction term as in Eq. (8). In particular, here we
focus on establishing the general theoretical approach
and then apply it to the effective Hamiltonian in the
normal phase, while the analysis of the superradiant
phase will be presented in App. C. We assume, as
usual, that the baths (near their equilibrium, at least)
can be described be an infinite set of independent har-
monic oscillators. This model becomes exact, e.g., if
we are considering electromagnetic baths.
By solving the equations of motion for the bath

degrees of freedom in terms of the system variables
and subsequently inserting the results in the sys-
tem’s Heisenberg equations, we obtain the quantum
Langevin equations [69]

Ẏ (t) = i

ℏ
[Hsys, Y (t)]

−
∑
j=a,b

i

2ℏ

[
[Xj , Y ] , ξj(t) −

∫ t

t0

Ẋj(t′)fj(t− t′) dt′

−fj(t− t0)Xj(t0)
]

+
, (31)

where Y is an arbitrary system operator, [. . . , . . . ]+
is the anticommutator, fj(t) =

∑
n kjncos(ωjnt) plays

the role of a memory function and

ξj(t)=
∑
n

√
ℏkjnωjn

2

(
c†
jn(t0)eiωjn(t−t0)+ h.c.

)
(32)

are the baths noise terms. As already pointed out in
Sec. 3.1, the system coordinates in the normal phase
are Xa =

√
ℏ/2ωa(a† + a) and Xb =

√
ℏ/2ωb(b† + b).

Therefore, we can calculate the Langevin equations
for the system’s bosonic operators in the normal
phase, which read

ȧ = −iωaa− ig(b† + b)

− i

2ωa

∫ t

t0

fa(t− t′)[ȧ†(t′) + ȧ(t′)]dt′ + i√
2ℏωa

ξa

ȧ† = iωaa
† + ig(b† + b)

+ i

2ωa

∫ t

t0

fa(t− t′)[ȧ†(t′) + ȧ(t′)]dt′ − i√
2ℏωa

ξa

ḃ = −iωbb− ig(a† + a)

− i

2ωb

∫ t

t0

fb(t− t′)[ḃ†(t′) + ḃ(t′)]dt′ + i√
2ℏωb

ξb

ḃ† = iωbb
† + ig(a† + a)

+ i

2ωb

∫ t

t0

fb(t− t′)[ḃ†(t′) + ḃ(t′)]dt′ − i√
2ℏωb

ξb

(33)
We analyze Eqs. (33) in the frequency domain, as-
suming that the initial condition is set in the distant
past, i.e., t0 → −∞. The aforementioned assumption,
combined with the constraint that f(t) is a highly lo-
calized function around the zero of its argument (a
Dirac delta function for an ohmic bath), allows the

last term in Eq. (31) to be safely neglected. We define
the decay rate function γj(ω) as the Fourier transform
of θ(t)fj(t), where θ(t) is the Heaviside step func-
tion, needed to ensures causality. Although in general
γj(ω) is a complex-valued function, it must satisfy the
property γ∗

j (ω) = γj(−ω), since fj(t) is real-valued
function. For the purposes of this paper, we assume
γj(ω) itself to be real. Nonetheless, in explicit cal-
culations, there is no restriction against taking it as
complex. Therefore, the resulting quantum Langevin
equations for the normal phase in the frequency do-
main are

−iω


ã
ã†

b̃

b̃†

= −i
(

ANP − i

2ΓNP

)
ã
ã†

b̃

b̃†

+ F̃in , (34)

where we defined the Langevin forces vector F̃in as

F̃in = i√
2ℏ

(
1

√
ωa
ξ̃a, − 1

√
ωa
ξ̃a,

1
√
ωb
ξ̃b, − 1

√
ωb
ξ̃b

)T
(35)

Eq. (34) coincides with Eq. (10) in the main text.

B Minimization of the Total Hamilto-
nian in the Superradiant Phase
This Appendix details the procedure outlined in
Sec. 3.2 for calculating the condensates in the superra-
diant phase. This approach is based on the minimiza-
tion of the total system-bath Hamiltonian, ensuring
a self-consistent treatment that also accounts for the
bath’s degrees of freedom. This represents a funda-
mental distinction from previous theoretical methods,
which typically assume a weak system-bath coupling
and rely on corresponding approximations. We point
out that we carry out all the following calculations
in the thermodynamic limit, where only the states
belonging to the maximum angular momentum man-
ifold were retained. This assumption is well-justified,
as the states with j < N/2 do not contribute to the
emission spectra, since they couple more weakly to
the bosonic mode (see, e.g., [95]).

As already pointed out in the main text, to accu-
rately describe the superradiant phase, it is essential
to account for the macroscopic coherent occupation of
both system fields and the eventual induced macro-
scopic occupation that could arise in the bath. Thus,
the bosonic system operators have to be shifted as a =
as+

√
α and b = bs−

√
β, and correspondingly the bath

operators as can = cs,an+√
σan and cbn = cs,bn−√

σbn
(see Eq. (15) of the main text). The system coordi-
nates, to which the bath operators couple, in the su-
perradiant phase are Xa =

√
ℏ/2ωa(a†

s + as + 2
√
α)

and Xb =
√

ℏ(N − β)/2ωaN (b†
s
√
θ+

√
θ bs −2

√
β

√
θ)

for systems A and B, respectively, where θ = 1 −
[b†

sbs −
√
β(b†

s + bs)](N − β)−1. The additional terms
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in the definition of Xb in the superradiant phase arise
from the non-negligible terms in the expansion of√

1 − b†b/N , due to the macroscopic occupations.
Upon substituting the aforementioned definitions

into the total Hamiltonian in Eq. (8), and considering
the thermodynamic limit, we obtain the total Hamil-
tonian in terms of the shifted bosonic operators (up
to constant terms, here excluded for simplicity)

H

ℏ
= ωaa

†
sas +

[
2g

√
αβ

N(N − β) + ωb

]
b†

sbs −

[
2g
√
β(N − β)

N
− ωa

√
α

]
(a†

s + as)

+
[
2g(N − 2β)

√
α

N(N − β) − ωb
√
β

]
(b†

s + bs) + g(2N − β)
2(N − β)

√
αβ

N(N − β)
(
b†

s + bs
)2

+ g(N − 2β)

√
1

N(N − β) (a†
s + as)(b†

s + bs)

+
∑
n

{
ωanc

†
s,ancs,an − 1

2

√
kanωan
ωa

(
c†

s,an + cs,an
) (
a†

s + as
)

+ kan
4ωa

(
a†

s + as
)2

+
√
kan
ωa

(√
kanα

ωa
−

√
ωanσan

)(
a†

s + as
)

+
√
ωan

(
√
ωanσan −

√
kanα

ωa

)(
c†

s,an + cs,an
)}

+
∑
n

ωbnc†
s,bncs,bn − 1

2

√
k̃bnωbn
ωb

(
1 − β

N − β

)(
c†

s,bn + cs,bn

)(
b†

s + bs
)

+ β

N − β

√ k̃bnωbnσbn
β ωb

− k̃bn
ωb

b†
sbs

+

 1
2(N − β)

√
k̃bnωbnσbnβ

ωb

(
1 + β

2(N − β)

)
+ k̃bn

4ωb

(
1 − 4β

N − β

)(b†
s + bs

)2

+
√
β

(
1− β

N − β

)√ k̃bnωbnσbn
β ωb

− k̃bn
ωb

(b†
s + bs

)
−

√
ωbn

√
ωbnσbn−

√
k̃bnβ

ωb

(c†
s,bn + cs,bn

)
(36)

where k̃bn = kbn(λ+ 1)/2λ, with λ=4g2/(ωaωb).
We now proceed to the minimization of this Hamil-

tonian, which corresponds to the vanishing of the lin-
ear terms in the bosonic operators in Eq. (36), leading
to the non-zero macroscopic occupations

α = Ng2

ω2
a

(
1 − 1

λ2

)
, β = N

2

(
1 − 1

λ

)
,

σan = kan
ωanωa

α , σbn = k̃bn
ωbnωb

β ,

(37)

as in Eq. (15) of the main text. Inserting these equi-
librium values into Eq. (36), the effective total Hamil-
tonian for the superradiant phase becomes

H = HSP + 1
2
∑
j=a,b

∑
n

[
p2
jn + k̃jn (qs,jn − xj)2

]
,

(38)
coinciding with Eq. (16) in the main text.

C Quantum Langevin Equations in the
Superradiant Phase
To calculate the quantum Langevin equation in the
superradiant phase, we apply the same methodology

outlined in Sec. A, since the Hamiltonians in Eqs. (8)
and (16) are formally equivalent, with the only dif-
ference being that the bare bosonic operators are re-
placed by the shifted ones. Hence, we obtain



ȧs = −iωaas − ig̃(b†
s + bs)

+ 1
2

∫ t

t0

fa(t− t′)(a†
s(t′) − as(t′))dt′ + i√

2ℏωa
ξa

ȧ†
s = iωaa

†
s + ig̃(b†

s + bs)

− 1
2

∫ t

t0

fa(t− t′)(a†
s(t′) − as(t′))dt′ − i√

2ℏωa
ξa

ḃs = −iω̃bbs − ig̃(a†
s + as) − 2iD(b†

s + bs)

+ 1
2

2
λ(λ+ 1)

∫ t

t0

fb(t− t′)(b†
s(t′) − bs(t′))dt′

+ i√
2ℏω̃b

√
2

λ(λ+ 1) ξb

ḃ†
s = iω̃bb

†
s + ig̃(a†

s + as) + 2iD(b†
s + bs)

− 1
2

2
λ(λ+ 1)

∫ t

t0

fb(t− t′)(b†
s(t′) − bs(t′))dt′

− i√
2ℏω̃b

√
2

λ(λ+ 1) ξb

(39)
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where ω̃b, g̃ andD are defined in Sec. 2. The preceding
system of equations can be reformulated within the
frequency domain as

−iω


ãs
ã†

s
b̃s
b̃†

s

=−i
(

ASP − i

2ΓSP

)
ãs
ã†

s
b̃s
b̃†

s

+


i√

2ℏωa
ξ̃a

−i√
2ℏωa

ξ̃a
i√

ℏω̃bλ(λ+1)
ξ̃b

−i√
ℏω̃bλ(λ+1)

ξ̃b


(40)

coinciding with Eq. (10) of the main text.

D Input-Output Operators
The importance of appropriately defining input-
output fields lies in their ability to enable the analyti-
cal computation of reflection and transmission spectra
in both ohmic and non-ohmic environments. While
this aspect has previously been examined in the main
text, here we focus on deriving the relationship be-
tween Langevin forces, input/output operators and
baths degrees of freedom. We start by performing the
continuum limit on ξj(t) in Eq. (32), which reads

ξj(t) =
∫ ∞

0

√
ℏωkj(ω)

2

(
c̃j(ω, t0)e−iω(t−t0)

+ c̃†
j(ω, t0)eiω(t−t0)

)
dω .

(41)

Such equation bears a strong resemblance to the
derivative of the input operators in Eq. (18), upon the
application of the unitary transformation c̃j → ic̃j to
the bath bosonic operators, i.e.,

Ċin,j(t) =
∫ ∞

0

√
ℏω
4π

(
c̃j(ω, t0)e−iω(t−t0)

+ c̃†
j(ω, t0)eiω(t−t0)

)
dω .

(42)

By the microscopic definition of the damping rate,
it can be shown that kj(ω) = 2γj(ω)/π, from
which the relation in the frequency-domain ξ̃j(ω) =
−2iω

√
γj(ω) C̃in,j(ω) follows directly. For the sake

of convenience, we explicitly report the expression of
ξ̃j(ω), which is

ξ̃j(ω) = 1√
2π

∫ ∞

−∞
ξj(t)eiωtdt =

=
∫ ∞

0

√
ℏπω′kj(ω′)

[
c̃in,j(ω′)δ(ω − ω′)

+ c̃†
in,j(ω

′)δ(ω + ω′)
]
dω′,

(43)

where c̃in,j(ω) = c̃j(ω, t0)eiωt0 is the j-th bath
bosonic operator evaluated in the remote past, ide-
ally t0 → −∞. The corresponding output operators,

c̃out,j(ω) = c̃j(ω, t1)eiωt1 , are defined similarly with
the only distinction that the bath operators are eval-
uated in the distant future, t1 → ∞. As a direct con-
sequence of Eq. (43), it follows that the Dirac delta
determines the selection of annihilation or creation
operators for the j-th bath, depending on the sign of
ω. Specifically, for ω > 0, we obtain

ξ̃j(ω) =
√
ℏπωkj(ω) c̃in,j(ω), (44)

whereas for ω < 0 the creation operator is selected.
It is now straightforward to establish the connection
between the Langevin forces and the input operators
in Fourier space

C̃in,j(ω) = ±

√
ℏωj
2γj

F̃in,j(ω)
ω

, (45)

where the + (−) is associated to the annihilation (cre-
ation) system operators.

E Two-mode squeezing
In Sec. 6, we have thoroughly examined the impos-
sibility of observing intrinsic squeezing in the Dicke
model’s ground state through electro-optical detec-
tion. Our analysis has been primarily focused on
the dispersive regime, aiming to highlight the phys-
ical aspects of the problem while avoiding unneces-
sary mathematical complications. In this Appendix,
we investigate the same topic without resorting to any
approximation.

Let us consider the scenario in which the measure-
ment system is placed outside the reference system.
Suppose we can extract and analyze the output sig-
nals from both the resonator (C̃out,a) and the mate-
rial (C̃out,b). We then proceed by following the same
steps outlined in Secs. 4 and 6. In accordance with
the procedure described in Ref. [44], for a two-mode
squeezing, we consider a general superposition of the
two output operators in terms of the angles θ and ψ
as

C̃θ,ψ(ω) = C̃out,a(ω) cos θ + eiψC̃out,b(ω) sin θ . (46)

Similarly to Eq. (26), we define the positive and
negative frequency operators X+

θ,ψ(ω) and X−
θ,ψ(ω),

respectively, by

X+
θ,ψ(ω) = C̃θ,ψ(ω) ,

X−
θ,ψ(ω) = C̃†

θ,ψ(ω) .
(47)

Therefore, the quadrature operator is Xϕ,θ,ψ(ω) =
eiϕX+

θ,ψ(ω)+e−iϕX−
θ,ψ(ω), from which we evaluate its

ground-state variance (∆Xϕ,θ,ψ)2 ≡ ⟨0| (Xϕ,θ,ψ)2 |0⟩−
⟨0|Xϕ,θ,ψ |0⟩2 = ⟨0| (Xϕ,θ,ψ)2 |0⟩, where |0⟩ is the
ground state. Taking into account the relationship
between the output and input operators as given in
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Eq. (19), along with their representation in terms of
the bath operators in Eq. (29), we obtain the follow-
ing result

(∆Xϕ,θ,ψ)2 = ⟨0|X+
θ,ψ(ω)X−

θ,ψ(ω) |0⟩ . (48)

As previously observed in the main text, the fact that
(∆Xϕ,θ,ψ)2 is independent of the angle ϕ implies that
squeezing in the ground state cannot be detected us-
ing these techniques.

To recover the results obtained in Sec. 6 within the
dispersive regime (ωb ≫ ωa), we set θ = 0 to reduce
the problem to single-mode squeezing. This leads to

(∆Xϕ,0,ψ)2 = ⟨0|X+
0,ψ(ω)X−

0,ψ(ω) |0⟩ = ℏ
2ω . (49)
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