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We investigate operator delocalization (scrambling) by introducing the operator length, defined
from the expansion in the Pauli basis. This quantity can be efficiently evaluated in MPO simulations
and increases logarithmically in time in many-body localized systems.

To quantify scrambling, the out-of-time-order correlator (OTOC) has been introduced [1, 2]. It is defined as

F (t) = ⟨Ŵ †(t) V̂ † Ŵ (t) V̂ ⟩, where V̂ and Ŵ are local operators whose supports lie at a given distance, and Ŵ (t) =

eiĤt Ŵ e−iĤt is the time-evolved version with some local Hamiltonian Ĥ. The OTOC displays a propagating wavefront:
ahead of the front it grows rapidly, typically exponentially, whereas behind it saturates to a constant value [3, 4].
In clean interacting systems this propagation occurs as a linear or power-law light cone [5–9], while in disordered
interacting systems the propagation is very slow and the light cone is logarithmic [10–13]. This reflects the fact that
in the latter case thermalization is hindered due to a phenomenon called many-body localization (MBL) [14] and for
that reason quantum information delocalizes very slowly, and the system becomes never locally thermal.

We provide a different perspective on this operator delocalization phenomenon by introducing a length associated
with an operator, based on its expansion in the Pauli operators. Specifically, in addition to the mass defined in [16],
each Pauli-string operator is assigned a length, given by the position of the rightmost site differing from the identity.
The length of a time-evolving operator is then obtained by averaging this Pauli-string quantity over the distribution
defined by the squared scalar products of the operator and the Pauli strings. The evolution of such quantities
provides a complementary perspective on the scrambling: as the operator delocalizes, it increasingly overlaps with
more nonlocal Pauli strings, causing its length and mass to increase over time. This leads to a crucial advantage:
in fact, both the operator length and the operator mass can be computed efficiently and exactly within the matrix
product operator (MPO) representation of the time-evolved operator.
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FIG. 1. (Panel a) The operator length h(t) averalged over disorder realizations as a function of the time t, for a disordered
XXZ chain displaying many-body localization with L = 12 sites, as obtained by means of exact-diagonalization. Notice the
logarithmic scale on the horizontal axis and the logarithmic growth in time over several decades. (Panel b) Same quantity for
an ℓ-bit model for different values of the exponential decay rates κ of the couplings. Data are averaged over Nr = 192 disorder
realizations and we consider W = 1. Notice the logarithmic scale on the horizontal axis. The logarithmic increase in time is
visible until saturation to the finite-size boundary value (h ≤ L) occurs. For more details see [15].
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We focus on the MBL case and find that the length of an initially localized operator grows logarithmically in time
[Fig. 1(a)]. Looking at the scrambling from this perspective, the results are in full agreement with the OTOC wavefront
propagating with a logarithmic light cone. Following this literature, we discuss a simple ℓ-bit model based on localized
integrals of motion that provides the same logarithmic increase in time of the operator length [Fig. 1(b)]. We stress
that, as occurs for the OTOC [17–24], our findings can be experimentally probed. In fact, our operator-marginal
distributions can be accessed directly using standard tools available in current quantum-simulation platforms. The
results we discuss in this contribution are available in the arXiv preprint [15].
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[23] M. Gärttner, J. Bohnet, A. Safavi-Naini, M. L. Wall, J. J. Bollinger, and A. M. Reay, Measuring out-of-time-order

correlations and multiple quantum spectra in a trapped-ion quantum magnet, Nat. Phys. 13, 781 (2017).
[24] J. Li, R. Fan, H. Wang, B. Ye, B. Zeng, H. Zhai, X. Peng, and J. Du, Measuring out-of-time-order correlators on a nuclear

magnetic resonance quantum simulator, Phys. Rev. X 7, 031011 (2017).

https://doi.org/10.1007/JHEP03(2014)067
https://doi.org/10.1038/s41567-019-0712-4
https://doi.org/10.1038/s41567-018-0295-5
https://doi.org/10.1103/PhysRevX.7.031047
https://doi.org/10.1103/PhysRevX.7.031016
https://doi.org/10.1103/PhysRevX.7.031016
https://doi.org/10.1103/PhysRevX.8.021014
https://doi.org/10.1103/PhysRevX.8.031057
https://doi.org/10.1103/PhysRevX.8.031058
https://doi.org/10.1103/PhysRevB.95.060201
https://doi.org/https://doi.org/10.1016/j.scib.2017.04.011
https://arxiv.org/abs/1608.02765
https://arxiv.org/abs/1608.02765
https://doi.org/10.1002/andp.201600318
https://doi.org/10.1103/RevModPhys.91.021001
https://arxiv.org/abs/2601.12446
https://arxiv.org/abs/2601.12446
https://arxiv.org/abs/2601.12446
https://doi.org/10.1103/PhysRevLett.131.160402
https://doi.org/10.1103/physreva.94.040302
https://doi.org/10.1103/physreva.94.040302
https://doi.org/10.1103/PhysRevA.94.062329
https://doi.org/10.1103/PhysRevA.94.062329
https://arxiv.org/abs/1607.01801
https://arxiv.org/abs/1607.01801
https://arxiv.org/abs/1607.01801
https://doi.org/10.1103/PhysRevA.95.012120
https://doi.org/10.1103/physreva.97.042105
https://doi.org/10.1103/physreva.97.042105
https://doi.org/10.1103/PhysRevE.95.062127
https://doi.org/10.1038/nphys4119
https://doi.org/10.1103/PhysRevX.7.031011

	Operator delocalization in disordered spin chains via exact MPO marginals
	Abstract
	References


