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Emulating long-range interactions via 
disorder

The history of  a fight between mathematics and physics

Nicolò Defenu



2Long-range quantum simulators

V(r) ∼ r−α

α
d d + 20

“Long-range interacting quantum systems”,  ND et al. Rev. Mod. Phys. 95, 035002 (2023).

α = 0 α = 3/2 α = 3



3Novel Dynamical Phenomena

Time Crystals

J. Zhang, et al., Nature 543, 164 (2017).

, Nicolò Defenu, 2021.
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P. Richerme, et al., Nature 511, 198 (2014).

x

t



4Long-range vs Short-Range effective theories

HLR = ∫ ddx {∂σ/2
μ ψ∂σ/2

μ ψ + mψ2 + gψ4}
VS

HSR = ∫ ddeffx {∂μψ∂μψ + mψ2 + gψ4}



5 Theories in fractional dimensionφ4

2 3 4
d

0.5

0.6

0.7

0.8

0.9

1.0

∫

Dim-Reg

Bootstrap

FRG

⇠ / "�⌫
<latexit sha1_base64="TGOqNZVkZw+Y5gGRoS5NoCU2KQU=">AAACBnicdVDLSgMxFM34rPVVdSlCsAhuHGaqqN0V3bisYB/QqSWTZtrQTBKSTLEMXbnxV9y4UMSt3+DOvzF9CD4PBA7n3MvNOaFkVBvPe3dmZufmFxYzS9nlldW19dzGZlWLRGFSwYIJVQ+RJoxyUjHUMFKXiqA4ZKQW9s5Hfq1PlKaCX5mBJM0YdTiNKEbGSq3cTnBDA6mENAIGfaSI1JQJfp0eBDwZtnJ5zy16fvHYh7+J73pj5MEU5VbuLWgLnMSEG8yQ1g3fk6aZImUoZmSYDRJNJMI91CENSzmKiW6m4xhDuGeVNoyEso8bOFa/bqQo1noQh3YyRqarf3oj8S+vkZjotJlSLhNDOJ4cihIGbeZRJ7BNFcGGDSxBWFH7V4i7SCFsbHNZW8JnUvg/qRZc/9AtXB7lS2fTOjJgG+yCfeCDE1ACF6AMKgCDW3APHsGTc+c8OM/Oy2R0xpnubIFvcF4/AJlrmd0=</latexit>

2 3 4
d

0.00

0.05

0.10

0.15

0.20

0.25

¥

Dim-Reg

Bootstrap

FRG

h (0) (r)i / rd�2+⌘
<latexit sha1_base64="Zx6s82PfZ6TOp10GhkZ5+M6shk8=">AAACGnicdVDLSgMxFM3Ud32NunQTLEJFLDNVfOxENy4VrC10xpJJb2toJhOSjFCGfocbf8WNC0XciRv/xnSs4PNAyOGce0nOiSRn2njem1MYG5+YnJqeKc7OzS8sukvLFzpJFYUaTXiiGhHRwJmAmmGGQ0MqIHHEoR71jod+/RqUZok4N30JYUy6gnUYJcZKLdcPOBFdDoHUrOxt5JfaCFQu4kCqRJoEq8usvVXdDMCQQcsteZUDzz/Y9fFv4le8HCU0wmnLfQnaCU1jEIZyonXT96QJM6IMoxwGxSDVIAntkS40LRUkBh1mebQBXrdKG3cSZY8wOFe/bmQk1rofR3YyJuZK//SG4l9eMzWd/TBjQqYGBP14qJNybNMOe8JtpoAa3reEUMXsXzG9IopQY9ss2hI+k+L/yUW14m9Xqmc7pcOjUR3TaBWtoTLy0R46RCfoFNUQRTfoDj2gR+fWuXeenOeP0YIz2llB3+C8vgOtjqCr</latexit>

deff deff



6Singular part of  the free energies

Can they be equal?

fSR ≈
1
V

ΦSR(VySR
τ /deffτ, LySR

h /deffh, VySR
u /deffu)

fLR ≈
1
V

ΦLR(VyLR
τ /dτ, VyLR

h /dh, VyLR
u /du)



7Effective dimension relation

γLR = γSR, ωLR/d = ωSR/deff

dνLR = deffνSR,
2 − ηLR

d
=

2 − ηSR

deff

1)One Loop -expansion 

2)First order -expansion 

3)Local Potential Approximation (FRG)

O(ε)

1/N



8Just an approximation

Functional RG study beyond LPA: Approximate but accurate within 5%
N. Defenu, A. Trombettoni, A. Codello, Phys. Rev. E 92, 052113 (2015).

“[…] This ‘effective dimension’ is clearly not a fundamental notion […].”
C Behan, et al, J. Phys. A: Math. Th. 50 (35), 354002 (2017).

Physics perspective VS Mathematical result



9Effective dimension is not exact

A. Solfalli & N. Defenu Phys. Rev. E 110, 044121 (2024)

Sheer El-Showk, et al. Phys. Rev. Lett. 112, 141601 (2014)

Nearest neighbour model (CFT Data)

Connor Behan, et al. JHEP2024 136 (2024)

Long-range model (CFT Data)



10The Spectral Dimension

At low frequencies the vibrational spectrum of 
coupled oscillators on a network obeys:

Vibrational spectrum
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Random Walk Return Rates
A random walker hopping on networks will return at its 
starting point with probability:

P0(t) / t�ds/2
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Spontaneous symmetry breaking of continuous 
symmetries is forbidden for 

Mermin-Wagner Theorem

ds  2
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Does it control universal properties?

1)R. Burioni, D. Cassi, Phys. Rev. Lett. 76, 1091 (1996). 
2)R. Burioni, D. Cassi, A. Vezzani, Phys. Rev. E 60, 1500 (1999).

What about discrete symmetries?



11A local model in fractional dimension?

A. P. Millán, G. Gori, F. Battiston, T. Enss, N. Defenu, Phys. Rev. Res. 3, 023015 (2021).

Regular lattice  
in -dimensiond p ∼

1
rα
ij

Self-averaging graph 
structure

Additional random 
bonds 

~  new bondsN



12Complex networks with tuneable dimension

The average of the random walker return rates 
for several network realisations with different 
number of sites are collapsed to obtain an 
estimation of the spectral dimension.

The power law scaling of the first eigenvalue of the 
laplacian operator as a function of the network size 
is studied for large network sizes.

Scaling of the smallest eigenvalues

Collapse of the return probabilities
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13The universality conjecture

Match the low-energy 
spectra 
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14My goal

Advantages:
• Fast entanglement spreading inherited by long-range couplings 

• Amenable numerics thanks to sparse coupling matrices 

• Universal tool to describe long-range interacting systems

VS

Fully connected Sparse



15Open Questions

Slade Gordon, 2019, Self-avoiding walk, spin 
systems and renormalization Proc. R. Soc. 
A.4752018054920180549

The critical exponent is extracted by the finite size 
scaling of the gyration ratio of the walk length.

MC Simulations on LR diluted graph

MC Simulations on Regular Lattice
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G. Bighin, T. Enss, N. Defenu, Nat. Comm. 15, 4207 (2024).



16Entering a new era of  quantum information 

Manipulate fundamental physics laws via complex 
geometric structures

Tuneable Spectrum Strong Interactions

Novel fundamental  
physics phenomena

Novel proposals for  
Quantum Technologiesh(t)
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